We prove that for every Q-homological Finsler 3-sphere (M, F ) with a bumpy and irreversible metric F , either there exist two non-hyperbolic prime closed geodesics, or there exist at least three prime closed geodesics.
Introduction and the main result
Finsler manifold (M, F ) is a closed geodesic, if c is closed and is the shortest curve connecting any two points on the image of c which are close enough (cf. [BCS1] and [She1] ). As usual on any Finsler manifold M = (M, F ), a closed geodesic c : S 1 = R/Z → M is prime, if it is not a multiple covering (i.e., iteration) of any other closed geodesics. Here the m-th iteration c m of c is defined by c m (t) = c(mt) for m ∈ N. The inverse curve c −1 of c is defined by c −1 (t) = c(1 − t) for t ∈ R. We call two prime closed geodesics c and d distinct if there is no θ ∈ (0, 1) such that c(t) = d(t + θ). We shall omit the word "distinct" for short when we talk about more than one prime closed geodesics.
A closed geodesic c is non-degenerate if 1 is not an eigenvalue of the linearized Poincaré map P c of c. c is hyperbolic if σ(P c ) ∩ U = ∅, or elliptic if σ(P c ) ⊂ U, where we denote by U = {z ∈ C | |z| = 1}.
A Finsler metric F is bumpy if all closed geodesics and their iterations are all non-degenerate.
Note that by the classical theorem of Lyusternik-Fet [LyF1] , there exists at least one closed geodesic on every compact Riemannian as well as Finsler manifold. In [Kat1] of 1973, Katok constructed his famous irreversible Finsler metrics on S 2n respectively S 2n−1 with precisely 2n prime closed geodesics all of which are elliptic (cf. also [Zil1] ). Based on this result in [Ano1] [BaL1] proved that there exist always at least two prime closed geodesics on every Finsler 2-sphere (S 2 , F ) which answers Anosov's conjecture for S 2 . More recently Duan and Long in [DuL1] and Rademacher in [Rad4] proved independently that there exist at least two distinct prime closed geodesics on every bumpy
Finsler n-sphere (S n , F ) with n ≥ 3.
Note that in [Hin1] of 1984, Hingston's result specially implies that on every Riemannian sphere S n , if all the closed geodesics are hyperbolic, then there exist infinitely many geometrically distinct closed geodesics. In [Rad1] of 1989, Rademacher proved that on every even dimensional bumpy Finsler sphere S 2n , if there are only finitely many prime closed geodesics, then at least one of them is non-hyperbolic. In the recent [LoW1] , Long and Wang proved that if there exist precisely two prime closed geodesics on a Finsler S 2 , both of them must be irrationally elliptic.
Note that Long in [Lon3] conjectured that the number of prime closed geodesics for (S 3 , F ) may belong to {2, 3, 4} {+∞}. This paper is devoted to the proof of the following main result which is related to this conjecture. Theorem 1.1. For every Q-homological Finsler 3-sphere (M, F ) with a bumpy and irreversible metric F , either there exist precisely two non-hyperbolic prime closed geodesics, or there exist at least three distinct prime closed geodesics. Theorem 1.1 is a consequence of the slightly stronger version of Theorem 3.6 below. Our proof of these theorems relies mainly on the following ingredients: The precise index iteration formulae of Long, the common index jump theorem of Long and Zhu, the Morse inequalities, and Rademacher's mean index identity for closed geodesics, together with some new techniques relating local and global information. Because the proof for Q-homological 3-spheres is the same as that for S 3 , we carry out below the proof only for (S 3 , F ) with a bumpy and irreversible Finsler metric F . The main idea is that assuming the existence of precisely two prime closed geodesics on (S 3 , F ) and at least one of them being hyperbolic, we shall derive a contradiction via the above mentioned tools.
In this paper, let N, N 0 , Z, Q, R, and C denote the sets of positive integers, non-negative integers, rational numbers, real numbers, and complex numbers respectively. We denote by [a] = max{k ∈ Z | k ≤ a} for any a ∈ R. When S 1 acts on a topological space X, we denote by X the quotient space X/S 1 . We use only singular homology modules with Q-coefficients. For terminologies in algebraic topology we refer to [GrH1] .
2 Preliminary results on closed geodesics
Critical modules of iterations of closed geodesics
Let M = (M, F ) be a compact Finsler manifold (M, F ), the space Λ = ΛM of H 1 -maps γ : S 1 → M has a natural structure of Riemannian Hilbert manifolds on which the group S 1 = R/Z acts continuously by isometries, cf. [Kli2] , Chapters 1 and 2. This action is defined by (s·γ)(t) = γ(t+s) for all γ ∈ Λ and s, t ∈ S 1 . For any γ ∈ Λ, the energy functional is defined by
It is C 1,1 (cf. [Mer1] ) and invariant under the S 1 -action. The critical points of E of positive energies are precisely the closed geodesics γ : S 1 → M . The index form of the functional E is well defined along any closed geodesic c on M , which we denote by E ′′ (c) (cf. [She1] ). As usual, we denote by i(c) and ν(c) the Morse index and nullity of E at c. In the following, we denote by
For a closed geodesic c we set Λ(c) = {γ ∈ Λ | E(γ) < E(c)}.
For m ∈ N we denote the m-fold iteration map φ m : Λ → Λ by φ m (γ)(t) = γ(mt), for all γ ∈ Λ, t ∈ S 1 , as well as γ m = φ m (γ). If γ ∈ Λ is not constant then the multiplicity m(γ) of γ is the order of the isotropy group {s ∈ S 1 | s · γ = γ}. For a closed geodesic c, the mean indexî(c)
is defined as usual byî(c) = lim m→∞ i(c m )/m. Using singular homology with rational coefficients we consider the following critical Q-module of a closed geodesic c ∈ Λ:
The following results of Rademacher will be used in our proofs below.
Proposition 2.1. (cf. Satz 6.11 of [Rad2] ) Let c be a prime closed geodesic on a bumpy Finsler manifold (M, F ). Then there holds 
finite for all i ∈ Z. As usual the Poincaré series of (X, Y ) is defined by the formal power series
We need the following well known results on Betti numbers and the Morse inequality for Λ ≡ ΛS 3 and Λ 0 = Λ 0 S 3 = {constant point curves in
The Poincaré series is given by
which yields 
Then for every integer q ≥ 0 there holds
2.2 Classification of non-degenerate closed geodesics on S
3
We introduce some notations in [Lon2] here. Given any two real matrices of the square block form
we define the ⋄-sum of M 1 and M 2 to be the
and M ⋄k 1 to be the k-times ⋄-sum of M 1 . In the following, let 
where σ(M ) denotes the spectrum of M and 
In this case, by Theorems 8.1.7 and 8.3.1 of [Lon2] , we have i(c) = 2p for some p ∈ N 0 , and
In this case, by Theorems 8.1.6, 8.1.7 and 8.3.1 of [Lon2] , we have i(c) = p for some p ∈ N 0 , and
In this case, by Theorems 8.1.6 and 8.3.1 of [Lon2] , we have i(c) = p for some p ∈ N 0 , and of [Lon2] ). In the bumpy case, we have the following consequence. (11.2.4) and (11.2.5) in Theorem 11.2.1 of [Lon2] ) we obtain for infinitely many k ∈ N,
where S + Pc (1) is the positive splitting number of P c at 1. Because (M, F ) is bumpy, all terms in the right hand side of the above identity are zero. 
On the other hand, in this subcase we have M 2k−1 (2) = 0 for k ∈ N. Thus
Claim 1: i(c 2 ) = 0, i(c 2 2 ) = i(c 3 2 ) = 2, i(c 4 2 ) = i(c 5 2 ) = i(c 6 2 ) = 4 and i(c 7 2 ) = 6.
In fact, by (3.2) we have 2π ] ≤ 9. And so i(c 7 2 ) = 2
2π − 12 ≤ 6. By the above argument we then get i(c 7 2 ) = 6. Claim 1 is proved.
Next we will estimate values of { θ 1 π , θ 2 π } by analyzing i(c m 2 ) for m = 2, 4, 5, 6, 7 respectively. By Claim 1, we obtain 2 = i(c 2 2 ) = 2
By (3.2), without loss of generality, we get 4 2 ) we obtain the estimates This completes the proof of Lemma 3.4.
Remark 3.5. From the proof of Lemma 3.4, one can see that, when there exist precisely two prime closed geodesics c 1 and c 2 on a bumpy (S 3 , F ), at least one of them must have initial index 2 provided they do not belong to the following two precise classes:
(1) c 1 ∈NCG-1 with i(c 1 ) = 0 and c 2 ∈NCG-2 with i(c 2 ) = 1.
(2) c 1 ∈NCG-2 with i(c 1 ) = 0 and c 2 ∈NCG-2 with i(c 2 ) = 1.
Note that Theorem 1.1 is a weaker consequence of the following Theorem 3.6.
Theorem 3.6. Let (M, F ) be a bumpy Finsler Q-homological S 3 with precisely two prime closed geodesics c 1 and c 2 . Then both of c 1 and c 2 must belong to classes {NCG-1, NCG-2}.
Proof of Theorem 3.6. Because the proof is the same for Q-homological S 3 , it suffices to prove Theorem 3.6 for bumpy Finsler S 3 = (S 3 , F ) only. Suppose that there exist precisely two closed geodesics c 1 and c 2 on (S 3 , F ). Assume the theorem does not hold, without loss of generality,
we can suppose i(c 1 ) = 2 by Lemma 3.4. Next we carry out our proof in three steps according to the classification of c 1 , and will derive some contradiction in each case.
Step 1: c 1 ∈ {NCG-3, NCG-4}
In this case i(c m 1 ) = 2m, ∀m ≥ 1. Then by Proposition 2.1, there holds M 2k (1) = 1, M 2k−1 (1) = 0, ∀k ∈ N. Since M 2k = M 2k (1) + M 2k (2) ≥ 2, ∀k ≥ 2 by Propositions 2.4 and 2.5, it yields M 2k (2) ≥ 1, ∀k ≥ 2. So i(c 2 ) must be even by Proposition 2.1. We continue our study in 4 subcases: 
Step 2: c 1 ∈NCG-2 with i(c 1 ) = 2.
In this case i(c m 1 ) = m + 2[ mθ 2π ] + 1, ∀m ≥ 1. Hence by Proposition 2.1, M 2k (1) = 1 for some k ∈ N and M 2j−1 (1) = 0 for j ∈ N. We continue our study in 8 subcases:
(i) If c 2 ∈ {NCG-3, NCG-4}, noting thatî(c 1 ) is an irrational number andî(c 2 ) is an integer, this leads to a contradiction by Proposition 2.3. 
By Definition 2.2 we have γ c 1 = γ c 2 = 1. So it follows from Proposition 2.3 in Section 2 that
Noting that both are irrational numbers, we obtain [
Hence we have 
By (3.29) we obtain [ 
